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GEOMETRY OF TWISTED KA¨HLER-EINSTEIN METRICS
AND COLLAPSING
MARK GROSS, VALENTINO TOSATTI, AND YUGUANG ZHANG
Abstract. We prove that the twisted Ka¨hler-Einstein metrics that
arise on the base of certain holomorphic fiber space with Calabi-Yau
fibers have conical-type singularities along the discriminant locus. These
fiber spaces arise naturally when studying the collapsing of Ricci-flat
Ka¨hler metrics on Calabi-Yau manifolds, and of the Ka¨hler-Ricci flow
on compact Ka¨hler manifolds with semiample canonical bundle and in-
termediate Kodaira dimension. Our results allow us to understand their
collapsed Gromov-Hausdorff limits when the base is smooth and the
discriminant has simple normal crossings.
1. Introduction
In this paper we are concerned with the study of canonical metrics ω
which exist on the base of certain holomorphic fiber space f : Mm → Nn
(n < m) with Calabi-Yau fibers, away from the discriminant locus, and
which satisfy a twisted Ka¨hler-Einstein equation of the form
(1.1) Ric(ω) = λω + ωWP,
where λ will equal 0 or −1 (depending on our setup, to be described be-
low) and ωWP is a semipositive definite Weil-Petersson form which encodes
the variation of complex structure of the Calabi-Yau fibers of f . These
metrics were constructed in the work of Song-Tian [64], and since then met-
rics satisfying (1.1) have been shown to arise as collapsing limits of higher-
dimensional Calabi-Yau manifolds (starting from [78] and more recently in
[10, 19, 27, 28, 32, 33, 48, 49, 57, 64, 65, 67, 69, 83, 85, 86, 95]) as well
as of long-time solutions of the Ka¨hler-Ricci flow on compact Ka¨hler mani-
folds with semiample canonical bundle and intermediate Kodaira dimension
(starting from [64] and more recently in [18, 65, 67, 76, 82, 83, 85, 95]).
When M is holomorphic symplectic and f is a holomorphic Lagrangian
fibration, these twisted Ka¨hler-Einstein metrics coincide with the McLean-
Hitchin metrics of certain semi-flat hyperka¨hler structures that appear in the
work of McLean [51] and Hitchin [34, 35], in which case these metrics are in
fact special Ka¨hler in the sense of [21]. For example, Gross-Wilson showed
in [29] that the collapsing limits of Ricci-flat Ka¨hler metrics on elliptically
fibered K3 surfaces with I1 singular fibers are McLean metrics of semi-flat
hyperka¨hler Lagrangian fibrations, and later Song-Tian proved in [64] that
the limits satisfy the twisted Ka¨hler-Einstein equation (1.1).
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As mentioned earlier, the canonical metrics ω are in general singular along
the discriminant locus of f . The nature of their singularities is intimately
related to the aforementioned collapsing problems, but up to now the only
situation when the singularities of ω were completely understood is when
dimN = 1 [28, 31, 95]. In this paper, we solve this problem in all dimensions
by showing roughly speaking that ω has conical type singularities, and we
derive consequences for these collapsing problems.
Let us now describe our results more precisely. We will work in the two
above-mentioned settings separately.
1.1. The Calabi-Yau setting. In this setting we assume that Mm is a
projective Calabi-Yau manifold, that is a projective manifold with KM ∼=
OM , and we fix Ω a never-vanishing holomorphicm-form onM . We suppose
we have a fiber space f : M → N (i.e. a surjective holomorphic map with
connected fibers) over a normal projective variety Nn. These fiber spaces
arise for example when we have a semiample line bundle L onM and f is its
associated fiber space [47, 2.1.27]. We let D be the closed analytic subvariety
of N which is the union of the singular locus of N together with the critical
values of f on the regular locus of N . We will refer somewhat informally to
D as the discriminant locus of f and to S = f−1(D) as the locus of singular
fibers of f , and by construction we have that f : M\S → N\D is a proper
holomorphic submersion with Calabi-Yau fibers. We can then consider the
fiber integral of the Calabi-Yau volume form (−1)m
2
2 Ω ∧ Ω via f |M\S and
obtain a smooth positive volume form f∗((−1)m
2
2 Ω∧Ω) on N0 := N\D. We
fix a Ka¨hler metric ωN on N (in the sense of analytic spaces [52] if N is not
smooth). In [65, 78, 17, 11] it is shown that there is a continuous ωN -psh
function ϕ on N , smooth on N0, such that ω := ωN +
√−1∂∂ϕ is a Ka¨hler
metric on N0 which satisfies the twisted Ka¨hler-Einstein equation (1.1) with
λ = 0, where ωWP > 0 is the Weil-Petersson form described in [65, 78].
An outstanding problem is to understand the behavior and singularities
of the twisted Ka¨hler-Einstein metric ω near the discriminant locus D. As
explained below, this problem is intimately linked with the collapsing be-
havior of certain Calabi-Yau metrics on M . The only general results on
this problem are when N is a Riemann surface, in which case the precise
behavior of ω was calculated in [31, §3] (see also [28, 64, 95, 96]), and when
M is hyperka¨hler [86].
In general, denote by N reg the regular locus of N (whose complement has
codimension at least 2) and write D = D(1) ∪D(2) where D(1) is the union
of all codimension 1 irreducible components of D and dimD(2) 6 n − 2.
Let Dsnc ⊂ D(1) ∩ N reg be the snc locus of D(1), so that we can write
D = Dsnc ∪D′ where D′ is a closed analytic subset of codimension at least
2 which contains D(2) as well as the singularities of N .
Write {Di}µi=1 for the irreducible components of Dsnc and for each 1 6
i 6 µ fix a defining section si for the line bundle corresponding to Di and a
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Hermitian metric hi on this line bundle. Since the divisor D
snc on N reg\D′
has simple normal crossings support, there is a well-established notion of
Ka¨hler metrics with ωcone with conical singularities along D
snc, with given
cone angles 2παi along each Di (0 < αi 6 1), as described in section 2. Our
first main result is then the following:
Theorem 1.1. In the Calabi-Yau setting, ω extends to a smooth Ka¨hler
metric across D(2) ∩N reg. Furthermore, there exists a conical metric ωcone
with conical singularities along Dsnc (and cone angles in 2πQ∩ (0, 2π]) such
that for any x ∈ Dsnc there is an open set x ∈ U ⊂ N reg and constants
A,C > 0 and on U\Dsnc we have
(1.2)
C−1
(
1−
µ∑
i=1
log |si|hi
)−Amax(n−2,0)
ωcone 6 ω 6 C
(
1−
µ∑
i=1
log |si|hi
)A
ωcone.
This is the direct generalization of the statement that is proved in [31, 64,
28, 95, 96] when N is a Riemann surface, and it strengthens the estimate
obtained in [86] when M is hyperka¨hler, by giving a precise quasi-isometric
description of ω on near any point of Dsnc. The logarithmic terms that
appear in (1.2) are negligible compared to the “poles” of ωcone, and this will
be important in our applications to collapsing below.
In the special case when N is smooth and D(1) has simple normal cross-
ings, we are able to show that the better estimate
(1.3) C−1ωcone 6 ω 6 C
(
1−
µ∑
i=1
log |si|hi
)A
ωcone,
holds globally on N\D(1).
1.2. Applications to collapsing. In the same Calabi-Yau setting, we can
fix Ka¨hler metrics ωM , ωN on M and N and t > 0, and then we let ω˜t =
f∗ωN+e−tωM+
√−1∂∂ϕt be the unique Ricci-flat Ka¨hler metric onM coho-
mologous to f∗ωN + e−tωM , given by Yau’s Theorem [91], which necessarily
satisfies
(1.4)
ω˜mt = (f
∗ωN+e−tωM+
√−1∂∂ϕt)m = cte−(m−n)t(−1)
m2
2 Ω∧Ω, sup
M
ϕt = 0,
where the constants ct converge to a positive limit as t → ∞. A very
natural question is then to understand the behavior of the Ricci-flat metrics
ω˜t as t → ∞, and this has been much studied in recent years, see e.g.
[10, 27, 28, 29, 32, 33, 48, 49, 57, 64, 65, 67, 78, 83, 85, 86] and references
therein.
In particular, in [78] the second-named author proved that there is a
twisted Ka¨hler-Einstein metric ω = ωN +
√−1∂∂ϕ on N0 = N\D which
satisfies (1.1) with λ = 0, such that away from the singular fibers S =
f−1(D) we have convergence of ω˜t to f∗ω as t → ∞ in the sense that
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ϕt → f∗ϕ in C1,αloc (M\S) for all 0 < α < 1. This was later improved in [83]
to locally uniform convergence of ω˜t to f
∗ω, and to Cαloc(M\S) convergence
for all 0 < α < 1 in [33]. It is conjectured [79, 80] that in fact ω˜t → f∗ω in
C∞loc(M\S), but this is only known in general when the generic fibers of f
are tori (or finite quotients) by [27, 32, 85] or when f is isotrivial [33].
In this paper we focus on the question of understanding the structure of
the global Gromov-Hausdorff limit of (M, ω˜t). The following was conjectured
by the second-named author [79, 80], and is directly inspired by a similar
conjecture by Gross-Wilson, Kontsevich-Soibelman and Todorov [29, 44, 45]
in the “mirror” setting of large complex structure limits:
Conjecture 1.2. Let (X, dX ) denote the metric completion of (N0, ω), and
SX = X\N0. Then
(a) (X, dX ) is a compact metric space and SX has real Hausdorff codi-
mension at least 2
(b) The Ricci-flat manifolds (M, ω˜t) converge to (X, dX ) in the Gromov-
Hausdorff topology as t→ 0
(c) X is homeomorphic to N .
The first result in this direction was the work of Gross-Wilson [29] for
elliptically fibered K3 with only I1 singular fibers, where ω˜t is constructed
via a precise gluing construction, which in particular proves Conjecture 1.2.
The gluing strategy has been recently carried out for Calabi-Yau 3-folds M
with f a Lefschetz K3 fibration [49], and even more recently for elliptically
fibered K3 surfaces with arbitrary singular fibers [10] (with some restric-
tions on [ωM ]), but it seems completely unclear how to implement a gluing
strategy in general due to the vastly different possible types of singular fibers
and nontrivial geometry of the discriminant locus.
A different approach to this conjecture, initiated in [78], is to work di-
rectly with the family of complex Monge-Ampe`re equations (1.4), and prove
suitable estimates for the solutions ϕt. In this way, Conjecture 1.2 was com-
pletely proved when N is a Riemann surface [28], or when M is hyperka¨hler
[86]. Furthermore, it was shown in [86] building upon our earlier work in
[27, 28] that parts (a) and (b) of Conjecture 1.2 can be proved provided one
can understand the blowup behavior of ω near D (see section 6 for a precise
statement), and one does not need to consider the actual Ricci-flat metrics
ω˜t themselves anymore.
Very recently, in [67] part (b) of Conjecture 1.2 was proved in general,
and part (c) if N has at worst orbifold singularities, following a different
path that in particular does not give pointwise bounds for ω near D. As a
corollary of our main theorem 1.1, which is completely independent of the
results in [67], we are able to settle the conjecture when the codimension 1
part of D is a divisor with simple normal crossings:
Corollary 1.3. In the Calabi-Yau setting, suppose that N is smooth and
D(1) has simple normal crossings. Then Conjecture 1.2 holds.
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In the special case when N is a Riemann surface, this corollary is proved
in our earlier work [28]. Examples where this corollary applies with higher-
dimensional baseN can be obtained by takingM to be one of the Calabi-Yau
3-folds constructed by Schoen [63] as fiber products of two rational elliptic
surfaces, which admit elliptic fibrations with base N one of the rational
elliptic surfaces, and in some cases have smooth connected discriminant
locus.
In corollary 1.3 we allow the possibility that D(1) = ∅, i.e. that D has
codimension 2 or more. However this situation is very special, as it implies
that the map f is isotrivial (see Proposition 3.2). In general, as stated in
Theorem 1.1, ω extends smoothly across D(2) ∩N reg, so all the singularities
of ω are along the divisorial part D(1) and along N sing.
1.3. The Ka¨hler-Ricci flow setting. We now discuss the second setting,
following Song-Tian [64, 65]. In this setting Mm is a compact Ka¨hler man-
ifold with KM semiample and with 0 < κ(M) < m (call n = κ(M)). Using
sections of ℓKM for ℓ sufficiently divisible, we obtain a holomorphic map
f : M → Pr with image N ⊂ Pr a normal projective variety of dimension
n (the canonical model of M). The map f : M → N has connected fibers,
and the generic fiber is a Calabi-Yau (m− n)-fold. Write ωN = 1ℓωFS|N , so
that f∗ωN belongs to c1(KM ). Fix also a basis {si} of H0(M, ℓKM ), which
define the map f , and let
M =
(
(−1) ℓm
2
2
∑
i
si ∧ si
) 1
ℓ
,
which is a smooth positive volume form on M which satisfies
Ric(M) loc:= −√−1∂∂ logM = −f∗ωN .
If D ⊂ N denotes the singular locus of N together with the critical values of
f on the smooth part of N , and S = f−1(D), then f :M\S → N0 := N\D
is a proper holomorphic submersion and f∗M is a smooth positive volume
form on N0. It is known [65, 78, 17, 11] that we can solve
(ωN +
√−1∂∂ϕ)m = eϕf∗M,
with ϕ ∈ C0(N), ϕ is ωN -psh and smooth on N0, where ω := ωN+
√−1∂∂ϕ
is a Ka¨hler metric that satisfies the twisted Ka¨hler-Einstein equation (1.1)
with λ = −1. By [64, 65, 83] we know that if ω0 is any Ka¨hler metric on M
and ω(t) is its evolution by the Ka¨hler-Ricci flow
∂
∂t
ω(t) = −Ric(ω(t)) − ω(t), ω(0) = ω0,
then ω(t) exists for all t > 0 and as t → ∞ we have that ω(t) → f∗ω in
C0loc(M\S).
One than has the completely analogous conjecture to Conjecture 1.2 for
the collapsed Gromov-Hausdorff limit of (M,ω(t)), but even less is known
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about it in general, with the only case that has been settled so far is when
κ(M) = 1 and the general fiber of f is a torus (or finite quotient), by [67, 76].
Our result in this setting is again that the twisted Ka¨hler-Einstein metric
ω on N0 has conical-type singularities along D
snc:
Theorem 1.4. In the Ka¨hler-Ricci flow setting, the same results as in The-
orem 1.1 hold for ω, namely ω extends to a smooth Ka¨hler metric across
D(2)∩N reg, it satisfies (1.2) near every point of Dsnc, and when N is smooth
and D(1) has simple normal crossings the estimate (1.3) holds globally.
Lastly, we show how this result can be used to prove the analog of Con-
jecture 1.2 in this setting, in the case when N is smooth and D(1) is snc (so
that the stronger estimate (1.3) holds), and assuming also a locally uniform
Ricci curvature bound away from the singular fibers of f , as in [67, 76]. This
generalizes the results in [67, 76] which also assumed that dimN = 1 and
used the analog of (1.3), proved in [31, 28, 95].
Theorem 1.5. In the Ka¨hler-Ricci flow setting, suppose that the Ricci cur-
vature of ω(t) remains locally uniformly bounded on M\S, and that N is
smooth and D(1) has simple normal crossings. Then (X,ω(t)) has uniformly
bounded diameter and converges in the Gromov-Hausdorff topology to the
metric completion of (N0, ω), which is homeomorphic to N .
It follows from [20, 27, 32, 85] (see the exposition in [82, Theorem 5.24])
that the assumption on the Ricci curvature of ω(t) always holds the the
smooth fibers of f are tori or finite quotients of tori, and it is expected to
hold in general [75, Conjecture 4.7].
1.4. Strategy of proof. The strategy of proof is the following. First, we
pass to a resolution of singularities π : N˜ → N such that N˜ is smooth
and π−1(D) = E is a divisor with simple normal crossings, and π is an
isomorphism over the locus where N is regular and D(1) is a simple normal
crossings divisor. In particular, we may choose π = Id in the case when N
is smooth and D(1) has simple normal crossings. Then we prove in section
2 that the volume form of π∗ω satisfies the estimate
(1.5) C−1Hωncone 6 (π
∗ω)n 6 CH
(
1−
µ∑
i=1
log |si|hi
)A
ωncone,
where H is a smooth nonnegative function which is bounded above and may
go to zero near the exceptional components of E. Estimate (1.5) is obtained
using Hodge theory, like in [28] where a weaker estimate was obtained when
dimN = 1. Very recently, similar estimates were obtained in more general
settings in [40, 72] using different ideas.
The main task is then to deduce a pointwise bound for ω of the form
(1.2) from (1.5). First, in section 3 we show that ω extends smoothly across
the analytic subset D(2) ∩N reg, which has codimension at least 2, so we it
suffices to understand the behavior of ω near the divisor D(1).
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Next, if N is smooth and D(1) has simple normal crossings (so that π =
Id), we show in section 4 that (1.3) holds, using estimates for Monge-Ampe`re
equations with conical singularities as developed in [5, 6, 13, 30, 37].
In the general case, the resolution π will be nontrivial, which introduces
the major issue that the class [π∗ωN ] where the form π∗ω lives is not Ka¨hler
anymore, and nothing is known about “conical” metrics in such classes. In
section 5, we show that on N˜\E we have the “Tsuji-type” [87] estimate
(1.6) π∗ω 6
C
|sF |2A
(
1−
µ∑
i=1
log |si|hi
)A
ωcone,
where F ⊂ E denotes the exceptional components of E. This, together
with (1.5), easily implies the estimate (1.2) since π is an isomorphism where
N is smooth and D(1) is snc. This proves the main Theorem 1.1, and the
application to collapsing of Ricci-flat metrics in Corollary 1.3 then follows
from this and our earlier work [86] (extending ideas that we introduced in
[28] when dimN = 1), as explained in section 6. Indeed there we showed
that to prove parts (a) and (b) of Conjecture 1.2 in general it suffices to
show the estimate
(1.7) π∗ω 6 C
(
1−
µ∑
i=1
log |si|hi
)A
ωcone,
and that part (c) also follows from this provided that π = Id. Of course,
when π = Id the estimates (1.6) and (1.7) are identical, but it remains an
open problem to show that (1.7) holds in general when π is nontrivial (which
would prove part (a) of Conjecture 1.2).
Lastly, in section 7 we extend these arguments to the Ka¨hler-Ricci flow
setting, proving Theorem 1.4. The arguments are very similar to the Calabi-
Yau setting, with the only main difference being that now KM is replaced by
ℓKM (which instead of being trivial is semiample). We show via a standard
ramified covering trick that estimates analogous to (1.5) also hold in this
setting, by reducing to the case when ℓ = 1 which is treated in section 2.
Once this is established, the rest of the arguments follow the same path as
above. We then deduce Theorem 1.5 from this by extending the arguments
in [67, 76].
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2. Estimates on the volume form
In this section we use Hodge theory to derive asymptotics for the push-
forward of the holomorphic volume form on a Calabi-Yau manifold which is
the total space of a fiber space over a lower-dimensional base. There is by
now a large literature on related questions, including for example [2, 3, 4, 7,
8, 9, 15, 16, 23, 27, 38, 40, 41, 53, 54, 55, 59, 62, 71, 72, 86, 88, 89, 93, 95],
with the very recent papers [40, 72] explicitly focusing on the case when
dimN > 2. Here we decided to follow closely our previous work [28, Section
2] where we proved the upper bound in (2.1) in the case when dimN = 1.
Our arguments generalize this to bases of arbitrary dimensions, and also
provide the lower bound in (2.1) which crucially matches the upper bound
up to logarithmic error terms. We note that a more refined analysis can in
principle be carried out as in [7, 8, 41] to obtain precisely matching upper
and lower bounds, with a more complicated logarithmic behavior. However,
since for our purposes the cruder estimate (2.1) suffices, we have decided
not to pursue this.
The setup in this section will be the Calabi-Yau setting described in the
introduction, namely we let M be an m-dimensional projective Calabi-Yau
manifold (KM ∼= OM ) with holomorphic m-form Ω, N a normal projective
n-dimensional variety, 0 < n < m, and assume that we have a surjective
holomorphic map f :M → N with connected fibers, and let D ⊂ N be the
discriminant locus of the map f , i.e. the union of the singular locus of N
together with the critical values of f on N reg. As in the introduction, we
write D = D(1) ∪D(2) so that D(1) is a divisor and D(2) has codimension at
last 2.
By Hironaka’s resolution of singularities, there is a birational morphism
π : N˜ → N such that N˜ is nonsingular and E = π−1(D) is a simple normal
crossings divisor, and such that π : N˜\E → N\D is an isomorphism. In fact,
it is known (see e.g. [73]) that we can choose π so that it is an isomorphism
over the locus where N is regular and D(1) has simple normal crossings.
This locus is Zariski open in N , with complement of codimension 2.
Let φ : M˜ → M ×N N˜ be a birational morphism, inducing a map f˜ :
M˜ → N˜ such that
(1) M˜ is nonsingular
(2) f˜−1(E) is simple normal crossings in M˜
(3) E is the discriminant locus of f˜ .
Again, this can be accomplished by Hironaka’s theorem.
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From these, it follows by elementary arguments (see e.g. [55, Setup 2.3,
Lemma 2.5]) that there is a Zariski open subset N˜o ⊂ N˜ with N˜\E ( N˜o ⊂
N˜\Sing(E), such that f˜−1(N˜o)→ N˜o is a normal crossings morphism, i.e.,
locally one can find coordinates (z1, . . . , zm) on f˜
−1(N˜o) and coordinates
(y1, . . . , yn) on N˜
o such that f˜ is given by
(z1, . . . , zm) 7→
(
m−n+1∏
i=1
zdii , zm−n+2, . . . , zm
)
.
Note that the fibres may be non-reduced, and di are multiplicities of irre-
ducible components of f˜−1(E).
Given a point y0 ∈ E let U be an open neighborhood of y0 in N˜ with
U ∼= ∆n (the unit polydisc) and U\E ∼= (∆∗)ℓ ×∆n−ℓ, for some 1 6 ℓ 6 n,
and with local holomorphic coordinates (y1, . . . , yn) on U (centered at y0).
If we write Ω also for the pullback of Ω to M˜ , then we can define a real
nonnegative function ϕU on U\D by
f˜∗(Ω ∧ Ω¯) = ϕUdy1 ∧ · · · ∧ dyn ∧ dy¯1 ∧ . . . dy¯n.
The main result of this section is then:
Theorem 2.1. After possibly shrinking U , we have
(2.1) C−1
ℓ∏
i=1
|yi|−2(1−αi) 6 ϕU (y) ≤ C
ℓ∏
i=1
|yi|−2(1−αi)
(
1−
ℓ∑
i=1
log |yi|
)d
,
for some non-negative integer d and rational numbers αi ∈ Q>0, and for all
y ∈ U\E.
Note that we do not assert that necessarily αi 6 1, so some of the expo-
nents −2 (1− αi) may be positive.
Remark 2.2. As is well-known (cf. [4, 95]) from the proof it follows that
when dimN = 1 the rational number α equals the log canonical threshold
of the fiber f−1(0), an algebro-geometric invariant. See [40] for a similar
interpretation in the general case.
Proof. Let n0 ∈ U\E be a basepoint and let
Ti : H
m−n(f˜−1(n0),C)→ Hm−n(f˜−1(n0),C)
be the monodromy operator for a loop based at n0 around the i
th copy of ∆∗,
1 6 i 6 ℓ. By the Monodromy Theorem (see e.g., the appendix of [46], or
[25, Chap.II, Application 17]) Ti is quasi-unipotent with (T
mi
i − I)di = 0 for
some positive integers di and mi, and mi is the least common multiple of the
multiplicities of the irreducible components over a general point of {yi = 0}.
Set also mi = 1 for ℓ < i 6 n. Let U¯ = ∆
n with coordinate (w1, . . . , wn),
and let µ : U¯ → U be given by µ(w1, . . . , wn) = (wm11 , . . . , wmnn ).
Pull-back and normalize the family M˜ → N˜ via the composition U¯ µ−→U →֒
N˜ , to obtain a family f¯ : M¯ → U¯ . This has discriminant locus D¯ =
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µ−1(U ∩E) and f¯ now has the property that the monodromy around a loop
in U¯o := U¯ \ D¯ ∼= (∆∗)ℓ ×∆n−ℓ is unipotent.
Now the trivial vector bundle Hm−n = (Rm−nf¯∗C)⊗C OU¯o on U¯o comes
with the Gauss-Manin connection, whose flat sections are sections of Rm−nf¯∗C.
It is standard that this vector bundle has a canonical extension to U¯ , (see
e.g., [25], Chapter IV or [62]) constructed as follows. Choosing a basepoint
t0 ∈ U¯o, let e1, . . . , es be a basis for Hm−n(f¯−1(t0)). These extend to multi-
valued flat sections of Hm−n, which we write as ei(w). However,
σi(w) := exp
− ℓ∑
j=1
Nj
logwj
2π
√−1
 ei(w)
with Nj = log Tj is in fact a single-valued holomorphic section of Hm−n. We
then extend Hm−n across U¯ by decreeing these sections to form a holomor-
phic frame for the vector bundle. Call this extension Hm−n
U¯
.
It is then standard (see again [25], Chapter IV) that the Hodge bundle
Fm−n
U¯o
:= (f∗Ωm−nM¯/U¯ )|U¯o ⊂ Hm−n has a natural extension Fm−nU¯ ⊂ Hm−nU¯ to
U¯ .
Next note that the form
Ωrel := ι(∂/∂y1, . . . , ∂/∂yn)Ω
is a well-defined section of f˜∗Ωm−nf˜−1(U)/U and thus pulls back to a well-defined
section Ωrel
U¯o
of Fm−n
U¯o
. Furthermore, the function ϕU given in the statement
of the theorem satisfies at a point y ∈ U
ϕU (y) = (−1)
(m−n)2
2
∫
f˜−1(y)
Ωrel ∧ Ω¯rel.
We will show that the section Ωrel
U¯o
of Fm−n
U¯o
extends to a meromorphic
section of Fm−n
U¯
and investigate the order of the poles of this section along
the discriminant locus. For this it is sufficient to restrict to one-parameter
families. Let Si ⊂ U be the disc on which all the coordinates yj are constant
and nonzero except for yi ∈ ∆. Let S¯i = µ−1(Si). Note that S¯i is a disjoint
union of discs. Denote by M˜i → Si and M¯i → S¯i the basechanges of
M˜ → N˜ and M¯ → U¯ respectively. By choosing Si generally, we can assume
that M˜i → Si is a normal crossings morphism, possibly with a nonreduced
singular fiber over 0 ∈ Si. Call this fiber Y˜ . In particular, restricting to Si,
we can consider Ωrel as a meromorphic section of f˜∗Ωm−nM˜i/Si(log Y˜ ).
Going back to our problem, we first determine the order of pole of Ωrel
at 0 as a section of this bundle. Locally on M˜i, near a general point of an
irreducible component Yj of Y˜ , the map M˜i → Si is given by yi = zβ1 , with
β ≥ 1 and z1, . . . , zm−n+1 coordinates on M˜i. We can write
Ωi := ι(∂y1 , . . . , ∂̂yi , . . . , ∂yn)Ω,
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as a form on M˜i locally as
Ωi = ψidz1 ∧ · · · ∧ dzm−n+1,
for some holomorphic function ψi. We have ψi = z
k
1φ where |φ| > 0 at the
generic point of Yj.
In our local coordinate description, the vector field on M˜i given by β
−1z−β+11 ∂z1
is a lift of ∂yi . Thus Ω
rel as a section of Ωm−n
M˜i/Si
(log Y˜ ) is locally given by
± ψi
βzβ−11
dz2 ∧ · · · ∧ dzm−n+1 = φzk+1−β1 dz2 ∧ · · · ∧ dzm−n+1.
We now need to pull-back Ωrel to Ωrel
U¯o
and study this section as a section of
Fm−n
U¯
. The stable reduction theorem [39] gives a resolution of singularities
M¯ ′i → M¯i such that the composed map M¯ ′i → S¯i is normal crossings. So we
have a diagram
M¯ ′i
π′
//
f¯ ′
""❉
❉
❉
❉
❉
❉
❉
❉
❉
M¯i
f¯

π
// M˜i
f˜

S¯i µ
// Si
Furthermore, the map π′ is a toric resolution of singularities by the con-
struction of [39], Chapter II. In particular, locally π′ and π can be de-
scribed as dominant morphisms of toric varieties of the same dimension.
On such toric charts, by [56], Prop. 3.1, the sheaves of logarithmic dif-
ferentials Ωm−n
M˜i/Si
(log Y˜ ),Ωm−n
M¯i/S¯i
(log Y¯ ), and Ωm−n
M¯ ′i/S¯i
(log Y¯ ′) are trivial vec-
tor bundles generated by exterior products of logarithmic differentials of
toric monomials (here Y¯ and Y¯ ′ denote the fibers over zero), and thus
π∗Ωm−n
M˜i/Si
(log Y˜ ) ∼= Ωm−n
M¯i/S¯i
(log Y¯ ) and (π′)∗Ωm−n
M¯i/S¯i
(log Y¯ ) ∼= Ωm−n
M¯ ′i/S¯i
(log Y¯ ′).
Furthermore,
f¯ ′∗Ω
m−n
M¯ ′i/S¯i
(log Y¯ ′) ∼= f¯∗π′∗Ωm−nM¯ ′i/S¯i(log Y¯
′)
∼= f¯∗π′∗(π′)∗Ωm−nM¯i/S¯i(log Y¯ )
∼= f¯∗((π′∗OM¯ ′i )⊗ Ω
m−n
M¯i/S¯i
(log Y¯ ))
∼= f¯∗Ωm−nM¯i/S¯i(log Y¯ ).
It also follows from [68] (see also [25], Chapter VII) that
Fm−n
U¯
|Si ∼= f¯ ′∗Ωm−nM¯ ′i/S¯i(log Y¯
′).
Thus, in order to understand the behaviour of Ωrel
U¯o
as a section of Fm−n
U¯
, it
is sufficient to pull back Ωrel to Ωm−n
M¯i/S¯i
(log Y¯ ) and understand the behaviour
of this form as a section of f¯∗Ωm−nM¯i/S¯i(log Y¯ ).
Again, we do this locally near the inverse image of a general point of an
irreducible component of Y˜ . Using the same notation as before, we know
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that M¯i is locally given by the normalization of the equation w
mi
i = z
β
1 .
Note that β|mi, so a local description of the normalization is given by an
equation w
mi/β
i = ξz1 for ξ an β-th root of unity. Thus Ω
rel pulls back to
ψiw
−mi(β−1)
β
i dz2 ∧ · · · ∧ dzm−n+1 = φw
−mi(β−1−k)
β
i dz2 ∧ · · · ∧ dzm−n+1.
Note that
w
−mi(β−1−k)
β
i = y
1+k
β
−1
i .
Thus letting βi and ki be the numbers such that
1+ki
βi
= min{1+kβ } among
irreducible components of Y˜ (and let Yj be one of the components where this
minimum is achieved), we find w
mi(βi−1−ki)/βi
i Ω
rel
U¯o
extends to a holomorphic
section of Ωm−n
M¯i/S¯i
(log Y¯ ), hence yields a holomorphic section of Fm−n
U¯
|S¯i =
f¯ ′∗Ω
m−n
M¯ ′i/S¯i
(log Y¯ ′).
Now set
Ωnorm :=
ℓ∏
i=1
w
mi(βi−1−ki)/βi
i Ω
rel
U¯o .
This now extends to a holomorphic section of Fm−n
U¯
. By construction, since
|φ| > 0 at the generic point of Yj, we see that Ωnorm 6= 0 at the generic
point of Yj. Thus we can write Ω
norm, as a section of Hm−n
U¯
, as
Ωnorm =
s∑
i=1
hi(w)σi(w),
for hi holomorphic functions on U¯ . We then compute, with 〈·, ·〉 denoting
the cup product followed by evaluation on the fundamental class
Hm−n(f−1(t0),C)×Hm−n(f−1(t0),C)→ C,
that ∫
f¯−1(w)
Ωnorm ∧ Ω¯norm
=
〈
s∑
i=1
hi(w)σi(w),
s∑
j=1
h¯j(w)σ¯j(w)
〉
=
〈
s∑
i=1
e−
∑ℓ
k=1Nk logwk/2π
√−1hiei,
s∑
j=1
e
∑ℓ
p=1Np log w¯p/2π
√−1h¯jej
〉
.
Note the exponentials can be expanded in a finite power series because the
Ni are nilpotent, and hence a term in the above expression is
C · hih¯j
ℓ∏
k=1
(logwk)
dk(log w¯k)
d′
k
〈∏
k
Ndkk ei,
∏
k
N
d′
k
k ej
〉
.
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Here the constant C only depends on the powers dk, d
′
k occuring. We can
assume that we have chosen the imaginary part of logwk to lie between 0
and 2π (this is equivalent to choosing the branch of ei(y)). Keeping in mind
that the hj are holomorphic on U¯ , after shrinking U¯ we can assume that
|hj | are bounded by some constant, and so we see that the above term is
bounded by a sum of a finite number of expressions of the form
C ′
ℓ∏
k=1
(− log |wk|)d′′k .
Thus the entire integral is bounded by an expression of the form
C
(
1−
ℓ∑
k=1
log |wk|
)d
,
for suitable choice of constant C and exponent d.
Returning to Ωrel
U¯o
, we see that
(−1) (m−n)
2
2
∫
f¯−1(w)
ΩrelU¯o∧Ω¯relU¯o ≤ C
ℓ∏
i=1
|wi|−2mi(βi−1−ki)/βi
(
(1−
ℓ∑
k=1
log |wk|
)d
.
Using yi = w
mi
i then gives one of the inequalities in (2.1), with αi =
1+ki
βi
.
To prove the other inequality, we want to show that
(−1) (m−n)
2
2
∫
f−1(y)
Ωrel ∧ Ω¯rel > C−1
ℓ∏
i=1
|yi|−2(1−
ki+1
βi
)
for y ∈ U\D˜ = (∆∗)ℓ ×∆n−ℓ ⊂ N˜\E. Let y1 = wm11 , · · · , yℓ = wmℓℓ , yℓ+1 =
wℓ+1, · · · , yn = wn be the covering µ : U¯o → Uo such that the monodromy
operators are unipotent, and let
Ωnorm =
ℓ∏
i=1
w
mi(βi−1−ki)/βi
i Ω
rel
U¯o.
Then our goal is equivalent to proving
(2.2) (−1) (m−n)
2
2
∫
f¯−1(w)
Ωnorm ∧ Ω¯norm > C−1 > 0.
Let Z be the zero divisor of Ωnorm, which is regarded as a section of the
line bundle Fm−n
U¯
. Then Z ⊂ D¯ = {w1 · · ·wℓ = 0} the discriminant locus.
To prove (2.2) it is enough to show that Z = ∅.
Assume that Z 6= ∅. Note that Z is a divisor, and thus Z contains an
irreducible component of D¯, say {wi = 0}. Let Si be a disc on which all yj are
constant nonzero except for yi, i.e. Si = {y1 = c1, · · · , ŷi = ci, · · · , yn = cn},
and S¯i = µ
−1(Si). Hence wi is the coordinate on S¯i, and S¯i
⋂
Z = {wi =
0} 6= ∅. Let M˜i → Si and M¯i → S¯i be the base changes. From above,
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M˜i → Si is normal crossing morphism with a possible nonreduced central
fiber Y˜ .
As before, let Yj be one of the components of Y˜ where the min{1+kβ } is
achieved (notation as before). Then in local coordinates on M¯i as before,
near the preimage of Yj in M¯i under the map q : M¯i → Mi, we have that
Ωrel
U¯o
pulls back to
φw
−mi(β−1−k)
β
i dz2 ∧ · · · ∧ dzm−n+1,
where φ is not identically zero, and so Ωnorm pulls back to
φdz2 ∧ · · · ∧ dzm−n+1,
with φ 6≡ 0, which is a contradiction because the preimage q−1(Y˜ ) under
the map q : M¯i → Mi is mapped into Z = {Ωnorm = 0} by M¯i → S¯i →֒ U¯ .
Hence Z = ∅. 
Next, we translate the local estimate in Theorem 2.1 into a global state-
ment. To do this, we need to recall the notion of Ka¨hler metrics with
conical singularities. We write E =
⋃µ
j=1Ej for the decomposition of E in
irreducible components. Given real numbers 0 < αi 6 1, 1 6 i 6 µ, there is
a well-defined notion of conical Ka¨hler metrics ωcone on N˜ with singularities
along E with cone angle 2παi along each component Ei. Any such metric
is a smooth Ka¨hler metric on N˜\E such that in any local chart U (a unit
polydisc with coordinates (w1, . . . , wn)) centered at a point of E adapted to
the normal crossings structure (so E ∩ U is given by w1 · · ·wk = 0 for some
1 6 k 6 n, and say that {wi = 0} = Eji ∩ U for some 1 6 ji 6 µ and all
1 6 i 6 k) we have that on U\{w1 · · ·wk = 0} the metric ωcone is uniformly
equivalent to the model
k∑
i=1
√−1dwi ∧ dwi
|wi|2(1−αji )
+
n∑
i=k+1
√−1dwi ∧ dwi.
We also fix a defining section si of the divisor Ei and a smooth Hermitian
metric hi on O(Ei), for all 1 6 i 6 µ. An explicit conical Ka¨hler metric
ωcone on N0 with cone angle 2παi along each component Ei is given by
ωcone = ωN˜ + δ
√−1∂∂
(
µ∑
i=1
|si|2αihi
)
,
for some small δ > 0, where ωN˜ is any given Ka¨hler metric on N˜ .
The following is then the global version of Theorem 2.1, which was stated
as (1.5) in the Introduction:
Theorem 2.3. There is a constant C > 0 and natural numbers d ∈ N,
0 6 p 6 µ and rational numbers βi > 0, 1 6 i 6 p and 0 < αi 6 1,
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p+ 1 6 i 6 µ, such that on π−1(N0) we have
(2.3)
C−1
p∏
j=1
|sj|2βjhj ωncone 6 (π∗ω)n 6 C
p∏
j=1
|sj|2βjhj
(
1−
µ∑
i=1
log |si|hi
)d
ωncone,
where ωcone is a conical metric with cone angle 2παi along the components
Ei with p+ 1 6 i 6 µ.
Proof. This makes use of the above results from Hodge theory. First of all,
as explained for example in [78, Section 4], on N0 the metric ω satisfies
(2.4) ωn = cf∗((−1)
m2
2 Ω ∧ Ω)
for some explicit constant c > 0. Recall that at the beginning of this Section
we have constructed a sequence of blowups π : N˜ → N such that E =
π−1(D) is an snc divisor, and then we have the base-change M ×N N˜ →M
and its resolution M˜ →M×N N˜ which, when composed, gives a holomorphic
map p : M˜ → M . We also have the new fibration f˜ : M˜ → N˜ so that we
have the commutative diagram
M˜
f˜

p
// M
f

N˜ π
// N
For clarity, call Ω˜ = p∗Ω, which is a holomorphic n-form on M˜ which in
general has zeros. Then on N˜\E we actually have equality
(2.5) π∗f∗(Ω ∧ Ω) = f˜∗(Ω˜ ∧ Ω˜),
since p, π are biholomorphisms when we are away from the singular fibers.
Combining (2.4) and (2.5) we get
(π∗ω)n = cf˜∗((−1)m
2
2 Ω˜ ∧ Ω˜)
on N˜\E. Now Theorem 2.1 gives us an estimate for the behavior of the
RHS locally, when compared with a Euclidean volume form, near any given
point of E, of the form
C−1
ℓ∏
i=1
|yi|−2(1−αi) 6 cf˜∗((−1)
m2
2 Ω˜ ∧ Ω˜)
idy1 ∧ dy1 ∧ · · · ∧ idyn ∧ dyn
≤ C
ℓ∏
i=1
|yi|−2(1−αi)
(
1−
ℓ∑
i=1
log |yi|
)d
,
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where αi ∈ Q>0. We keep those αi which satisfy αi 6 1, and for the others
we define βj = −1+αj ∈ Q>0 so that we can write (with abuse of notation)
ℓ∏
k=1
|yk|−2(1−αk) =
∏
i
|yi|−2(1−αi)
∏
j
|yj|2βj ,
and so that this shows that (2.3) holds locally, in the sense that given
any point x ∈ E we can find a neighborhood U of x in N˜ together with
ℓ, C, d, p, αi, βi (which all depend on U), such that
(2.6)
C−1
∏
j |yj|2βjωnN˜∏
i |yi|2(1−αi)
6 (π∗ω)n 6
(
1−
ℓ∑
i=1
log |yi|
)d
C
∏
j |yj|2βjωnN˜∏
i |yi|2(1−αi)
,
holds on U . Fix attention on one irreducible component E1 of E, and cover
E1 by such open sets Uj, and say that on each Uj we have E1∩Uj = {y1 = 0}.
We wish to show that the number α1 (which give the cone angle along E1
if α1 6 1) or β1 (which give the order of zero along E1 if α1 > 1) that we
get is the same an all these Uj ’s. On a nonempty intersection of two such
Uj’s, we can look at points approaching E1 in this intersection, which do not
come close to any of the other components of E. Then the blowup rate (or
order of vanishing) of the function in (2.6) along {y1 = 0} must be the same
in both sets, which thanks to (2.6) implies that the corresponding numbers
α1 (or β1) are equal. Repeating this for all components of E, this proves
(2.3). 
3. The codimension 2 part of the discriminant
Still working in the Calabi-Yau setting, our next goal is to show that
the codimension 2 (or more) subset D(2) ∩ N0 does not contribute to the
singularities of ω on N0. For this, we fix a Ka¨hler metric ωN on N (in the
sense of analytic spaces [52] if N is not smooth), and we define a smooth
positive function F defined on N0 by
(3.1)
(−1)m
2
2 f∗(Ω ∧ Ω)
ωnN
= F ,
which satisfies √−1∂∂ logF = −ωWP +Ric(ωN ),
while the metric ω on N0 satisfies
(3.2) ωn = cFωnN ,
for some constant c > 0.
Our next observation is that the components of D of codimension 2 or
higher do not contribute to the singularities of F . More precisely, write
N ′ = N reg\D(1) and D′ = D(2) ∩N ′, so D′ is codimension 2 or more inside
the complex manifold N ′, and N ′\D′ = N0.
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Proposition 3.1. The function F on N0 extends to a smooth positive func-
tion on all of N ′, and the current ω on N is a smooth Ka¨hler metric on
N ′.
Proof. For this we use the well-known relation between the Weil-Petersson
form and the Hodge metric on the Hodge bundle, that we now recall. The
reader is referred to e.g. [25] for the relevant background. For y ∈ N0
denote by My = f
−1(y) the fiber over y and let P ⊂ Hn−m(My,C) =: H
be the primitive cohomology given by the Ka¨hler class [ωM |My ], HZ :=
P ∩Hn−m(My,Z), kp,q := dimC P ∩Hq(My,ΩpMy)(p + q = n−m), and let
Q be the polarization form on H. Let D be the classifying space for integral
polarized Hodge structures of type {HZ, kp,q, Q}, and let
P : N0 → D/Γ,
be the corresponding period map, where Γ is the monodromy group. This
map is holomorphic, locally liftable and horizontal. Since D has a Hermit-
ian metric with negative holomorphic sectional curvature in the horizontal
directions [26], a result of Griffiths-Schmid [26, Corollary 9.8] shows that P
admits a holomorphic extension P : N ′ → D/Γ across the analytic set D′ of
codimension 2 or more.
In our situation, the form ωWP on N0 is in fact equal to the pullback
P∗ωH of the Hodge Ka¨hler metric on D/Γ by [74]. It follows therefore that
ωWP admits a smooth extension ωWP to N
′, which is equal to P∗ωH > 0.
Given any x ∈ D′, there is an open subset x ∈ U ⊂ N ′, U biholomorphic
to a ball, where we can write
−ωWP +Ric(ωN ) =
√−1∂∂u,
for some smooth function u. Note that U ∩N0 is simply connected. On the
other hand, if on N0 we write v = logF , then the difference w = u − v is
pluriharmonic on U ∩N0. In particular, ∂w is d-closed on U ∩N0, and since
H1(U∩N0,C) = 0, it is d-exact, i.e. ∂w = dw′ for some complex function w′
on U ∩N0. Then ∂w′ = 0 so w′ is holomorphic, and also d(w′+w′−w) = 0
so w′ + w′ − w = c on U ∩ N0. Therefore w equals the real part of the
holomorphic function h = 2w′ − c on U ∩ N0. By Hartogs, h extends to a
holomorphic function on U , and so w (and hence also v) extends smoothly
on U . This shows the desired extension property of F .
Lastly, the fact that ω is a smooth Ka¨hler metric on N ′ follows from the
way in which ω (solving (3.2)) is constructed in [65, §3.2] via an approxima-
tion procedure, after we know that F is smooth and positive on N ′. 
It is interesting to point out the following extension of the results in [84]:
Proposition 3.2. Let M be a projective manifold with KM ∼= OM , N a
compact Ka¨hler manifold and f :M → N a surjective holomorphic map with
connected fibers. If the locus D ⊂ N of critical values of f has codimension
2 or more, then f |M\f−1(D) : M\f−1(D) → N\D must be a holomorphic
fiber bundle (i.e. f is isotrivial).
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The result in [84] (see also [86, Theorem 3.3]) is the same theorem under
the stronger assumption that D = ∅. On the other hand, this result is of
course false if D is allowed to have components of codimension 1.
Proof. Since f has connected fibers and N is smooth we have f∗OM ∼= ON .
Combining this with KM ∼= OM and with the projection formula we get
that
ON ∼= f∗(KM/N ) +KN ,
i.e.
−KN ∼= f∗(KM/N ).
In particular the pushforward f∗(KM/N ) is indeed a line bundle on N . On
N\D we have a smooth Hermitian metric on this line bundle given locally
by
(−1) (m−n)
2
2
∫
My
Ωy ∧ Ωy,
(where My = f
−1(y)) whose curvature form on N\D is exactly the Weil-
Petersson form ωWP > 0. From the proof of Proposition 3.1 we know that
ωWP admits a smooth extension ωWP to N . On the other hand, there is
another smooth metric on −KN whose curvature form on N is Ric(ωN ), and
so there exists a smooth function u on N\D such that
Ric(ωN ) +
√−1∂∂u = ωWP.
Since D ⊂ N has codimension 2 or more, the Grauert-Remmert extension
theorem [24] shows that u extends to a quasi-psh function u on N which
satisfies Ric(ωN ) +
√−1∂∂u > 0 weakly as currents. The difference ωWP −
(Ric(ωN ) +
√−1∂∂u) is a closed real (1, 1) current which is the difference
of two positive currents, and which is supported on the analytic set D of
codimension at least 2, hence by the Federer support theorem this current
vanishes. It follows that
√−1∂∂u is smooth on all of N , and hence so is u
by regularity of the Laplacian. This means that Ric(ωN )+
√−1∂∂u > 0 is a
smooth semipositive form on N cohomologous to c1(−KN ), and so by Yau’s
Theorem [91] the manifold N admits a Ka¨hler metric with nonnegative Ricci
curvature.
As in [84], we can apply the Schwarz Lemma [84, Lemma 3.3] to the
map P : N → D/Γ, to conclude that P is constant on N . Therefore P is
constant on N\D, and as in [84, Proof of Theorem 3.1] this implies that the
map f |M\f−1(D) is a holomorphic fiber bundle. 
4. The case when the discriminant locus is an snc divisor
In this section we prove the estimate (1.3), under the assumption that N
is smooth and D(1) is a simple normal crossings divisor.
We start with a preliminary observation related to the volume estimate
in Theorem 2.3, in the general setting of Theorem 1.1. Recall that we have
constructed a resolution π : N˜ → N of N such that π−1(D) = E is a simple
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normal crossings divisor, E = ∪µi=1Ei, and we have fixed defining sections
si and metrics hi for O(Ei). Let D˜ ⊂ N˜ be the proper transform of D(1),
and write
E = F ∪ D˜,
where F is a π-exceptional divisor.
We fix a Ka¨hler metric ωN˜ on N˜ and a Ka¨hler metric ωN on N (in
the sense of analytic spaces [52] if N is not smooth), and define a smooth
nonnegative function Jπ on N˜ by
(4.1) π∗ωnN = Jπω
n
N˜
,
which is clearly positive on π−1(N0).
Going back to the volume form estimate (2.3), we wish to understand
which of the components of F or D˜ actually have zeros (i.e. βj > 0) or
conical singularities (i.e. αi < 1). The first observation is the following:
Lemma 4.1. The function F on N0 defined in (3.1) satisfies
(4.2) F > C−1.
Proof. This is a consequence of results of Song-Tian [65], as follows. First,
as shown in [65, Lemma 3.3], on M\S we can write
(4.3) f∗F = (−1)
m2
2 Ω ∧ Ω
f∗ωnN ∧ ωm−nSRF
,
where ωSRF is a semi-Ricci-flat form on M\S defined by ωSRF = ωM +√−1∂∂ρ, where ωM is any given Ka¨hler metric on M with fiber volume∫
My
ωm−nM = 1 for all y ∈ N0, and ρ is the unique smooth function on M\S
such that
ωSRF|My = ωM |My +
√−1∂∂ρ|My ,
is the unique Ricci-flat Ka¨hler metric on My cohomologous to ωM |My (for
all y ∈ N0), with the normalization that
∫
My
ρ|MyωM |m−nMy = 0, which is
obtained by a fiberwise application of Yau’s Theorem [91].
We can then argue in a similar way as the proof of [65, Proposition 3.2].
Explicitly, given any y ∈ N0, on the fiberMy the volume forms (ωM |My)m−n
and (ωSRF|My)m−n have the same total volume, and hence there is a point
xy ∈My such that
(ωM |My)m−n
(ωSRF|My)m−n
(xy) = 1.
Then by (4.3) we have
F(y) = (−1)
m2
2 Ω ∧Ω
f∗ωnN ∧ ωm−nSRF
(xy) =
(−1)m
2
2 Ω ∧Ω
f∗ωnN ∧ ωm−nM
(xy) > C
−1,
since on M we have f∗ωnN ∧ωm−nM 6 CωnM and (−1)
m2
2 Ω∧Ω > C−1ωnM . 
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Pulling back (3.2) via π, we can use Lemma 4.1 to get on π−1(N0)
(π∗ω)n = c(F ◦ π)π∗ωnN = c(F ◦ π)JπωnN˜ > C−1JπωnN˜ ,
while by (2.3)
(π∗ω)n 6 C
p∏
j=1
|sj|2βjhj
(
1−
µ∑
i=1
log |si|hi
)d
ωn
N˜∏µ
i=p+1 |si|2(1−αi)hi
,
and so
(4.4) C−1Jπ 6
(
1−
µ∑
i=1
log |si|hi
)d ∏p
j=1 |sj|2βjhj∏µ
i=p+1 |si|2(1−αi)hi
.
Given a component of D˜, given by {si = 0} for some 1 6 i 6 µ, near its
generic point we have that Jπ > 0 so by (4.4) we must have i > p (i.e. there
is no zero for (π∗ω)n near this point).
On the other hand, for components of F , (π∗ω)n may have either a zero
or a conical type singularity, but if it has a zero, it cannot vanish more than
Jπ (up to much smaller logarithmic terms), thanks again to (4.4).
In particular, if N is smooth and D(1) has simple normal crossings, then
by definition we can take N˜ = N,π = Id and E = D˜ = D, so this discussion
shows that in this case all the αi that appear in Theorem 2.1 must be 6 1,
or equivalently that there are no βj ’s in Theorem 2.3 (i.e. p = 0). In other
words, this shows that:
Corollary 4.2. Assume that N is smooth and D(1) = ∪µj=1Dj has simple
normal crossings. Then there are constants C, d > 0 and rational numbers
0 < αj 6 1, 1 6 j 6 µ, such that on N0 we have
(4.5) C−1ωncone 6 ω
n
6 C
(
1−
µ∑
i=1
log |si|hi
)d
ωncone,
where ωcone is a conical metric with cone angle 2παj along the component
Dj, 1 6 j 6 µ.
We can now give the proof of (1.3).
Proof of (1.3). On N we have the continuous function ϕ (normalized with
supN ϕ = 0), which satisfies
ω = ωN +
√−1∂∂ϕ,
and solves the Monge-Ampe`re equation
(4.6) ωn = (ωN +
√−1∂∂ϕ)n = c(−1)m
2
2 f∗(Ω ∧ Ω¯) = ψ∏µ
j=1 |sj |
2(1−αj )
hj
ωnN ,
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on N0 (and also globally on N in the weak sense), where the smooth function
ψ on N0 is defined by this last equality. In particular,
√−1∂∂ log(1/ψ) = Ric(ω)− Ric(ωN )−
µ∑
j=1
(1− αj)
√−1∂∂ log |sj |2hj
> −Ric(ωN ) +
µ∑
j=1
(1− αj)Rhj
> −CωN ,
(4.7)
holds on N0. Thanks to Corollary 4.2, on N0 we have that
(4.8) C−1 6 ψ 6 C
(
1−
µ∑
i=1
log |si|hi
)d
.
As shown in (4.7) function log(1/ψ) is quasi-psh, and thanks to (4.8) it
is bounded above near N\N0, and so it extends uniquely to a quasi-psh
function on N (still denoted by log(1/ψ)) which satisfies the same inequality
(4.7) by a classical result of Grauert-Remmert [24].
Thanks to Demailly’s regularization theorem [14], we can find smooth
functions uj on N which decrease pointwise to log(1/ψ) as j → ∞ and
which satisfy
√−1∂∂uj > −CωN and uj 6 C on N .
We now employ a trick from Datar-Song [13]. For each i = 1, . . . , µ, let
ωcone,i be a conical Ka¨hler metric with cone angle 2παi along the component
Di, and smooth everywhere else. For example, we can take
ωcone,i = ωN + δ
√−1∂∂|si|2αihi ,
and let also ηi = δ|si|2αihi . Then for all j > 1 let
Gj,i =
∏
k 6=i
(
|sk|2hk +
1
j
)1−αk
,
which are smooth functions on N which satisfy
√−1∂∂ logGj,i =
∑
k 6=i
(1− αk)
√−1∂∂ log
(
|sk|2hk +
1
j
)
>
∑
k 6=i
(1− αk)
|sk|2hk
|sk|2hk + 1j
√−1∂∂ log |sk|2hk
> −CωN ,
everywhere on N , for a constant independent of j.
We can now consider the complex Monge-Ampe`re equation
(4.9) (ωN +
√−1∂∂ϕj,i)n = cj,ie−uj ω
n
N
Gj,i|si|2(1−αi)hi
,
22 MARK GROSS, VALENTINO TOSATTI, AND YUGUANG ZHANG
where cj,i are constants that are obtained by integrating the equation, so
cj,i → 1 as j → ∞, the functions ϕj,i are normalized by supN ϕj,i = 0, and
ωj,i := ωN+
√−1∂∂ϕj,i are now conical Ka¨hler metrics with cone angle 2παi
along Di (only), and smooth away from Di. This last fact follows from the
main result of [37] or [30] (see also [5, 6] for earlier weaker results and [1] for
more recent work). It is quickly verified that the ratio ωnj,i/ω
n
N has L
p norm
uniformly bounded independent of j, for some p > 1, and so by Ko lodziej
[42] we have
sup
N
|ϕj,i| 6 C,
and since the right hand side of (4.9) converges to the right hand side of (4.6)
(say in L1(N)), Ko lodziej’s stability theorem [43] gives us that ϕj,i → ϕ in
C0(N) as j →∞.
Our goal is to prove that
(4.10) ωj,i > C
−1ωcone,i,
holds on N0, for a constant C independent of j. If this is proved, then it
follows from this and (4.9) (by standard arguments) that on any compact
subset K ⊂ N0 we have uniform Ck bounds for ωj,i independent of j (but
depending on K), and since ϕj,i → ϕ uniformly, we conclude that ωj,i → ω
in C∞loc(N0) as j →∞ (for all i). Therefore
ω > C−1ωcone,i,
holds on N0, and summing these up for i = 1, . . . , µ we obtain
ω > C−1ωcone,
on N0, which is half of (1.2). To prove the other half of (1.2) it suffices to
use (4.6) and (4.8) to obtain
trωconeω 6 (trωωcone)
n−1 ω
n
ωncone
6 C
ωn
ωncone
6 Cψ 6 C
(
1−
µ∑
i=1
log |si|hi
)d
,
on N0, which thus proves (1.2).
So it remains to prove (4.10). The argument is similar to the one in [13].
First of all, by a calculation in the appendix of [37] (or the simpler proof in
[61, Lemma 3.14] due to J. Sturm), the bisectional curvature of ωcone,i on
N\Di has a uniform upper bound. Second of all, the Ricci curvature of ωj,i
on N\Di satisfies
Ric(ωj,i) =
√−1∂∂uj+Ric(ωN )+
√−1∂∂ logGj,i+(1−αi)
√−1∂∂ log |si|2hi > −CωN ,
independent of j. Combining these two into Yau’s Schwarz Lemma calcula-
tion [92] gives us
∆ωj,i log trωj,iωcone,i > −Ctrωj,iωcone,i − C,
on N\Di. To ensure that the maximum is achieved away from Di, we
compute
∆ωj,i log(|si|2γhi trωj,iωcone,i) > −Ctrωj,iωcone,i − C,
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where we used that ωN 6 Cωcone,i on N\Di, and the constant C does not
depend on γ > 0 small. On the other hand
∆ωj,i(ϕj,i − ηi) = n− trωj,iωcone,i,
so we get the differential inequality
∆ωj,i log(|si|2γhi trωj,iωcone,i −A(ϕj,i − ηi)) > trωj,iωcone,i − C,
for A large and uniform (independent of j). The maximum principle can
then be applied because ωj,i and ωcone,i are conical metrics with the same
cone angles along Di hence the function trωj,iωcone,i is uniformly bounded
above on N\Di, so the maximum is achieved away from Di. Using the
uniform C0 bound for ϕj,i, we conclude that
trωj,iωcone,i 6
C
|si|2γhi
,
holds on N\Di with constant independent of γ and j, so we can let γ → 0
and get (4.10). 
5. The main theorem
In this section we prove the main theorem 1.1, in the Calabi-Yau setting.
Let π : N˜ → N be the composition of blowups constructed in section 2,
with N˜ smooth, π−1(D) = E a simple normal crossings divisor, and π an
isomorphism on the locus where D(1) is snc. We write E = ∪µi=1Ei, and we
have fixed defining sections si and metrics hi for O(Ei).
If we denote by F = ∪iFi ⊂ E the exceptional components of E, then it
is well-known (see e.g. [58, Lemma 7]) that for all 0 < δ ≪ 1 the form
(5.1) π∗ωN − δ
∑
i
RFi ,
is a Ka¨hler metric on N˜ , where RFi is the curvature of a certain Hermitian
metric on O(Fi).
Next, from section 2 we obtain a conical structure {Ei, 2παi} on N˜ , and
we fix a conical Ka¨hler metric ωcone with these cone angles around the Ei’s.
We will choose it of the form ωcone = ωN˜ +
√−1∂∂η, where
η = C−1
∑
i
|si|2αihi ,
for some C > 0 sufficiently large. Note that of course we have ωN˜ 6 Cωcone.
We also obtain the order of zeros βj (along some components of F , different
from the components that have conical singularities), and we define
H =
∏
j
|sj|2βjhj ,
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where the product is only over those components Fj of F which have a
nontrivial order of zero βj > 0. On N˜\F we have
(5.2)
√−1∂∂ logH = −
∑
j
βjRFj .
We can then define a smooth function ψ on N˜\E by
(5.3) ψ =
π∗ωn
∏
i |si|2(1−αi)
Hωn
N˜
,
which satisfies
(5.4) C−1 6 ψ 6 C
(
1−
µ∑
i=1
log |si|hi
)d
,
by Theorem 2.3. We thus have the Monge-Ampe`re equation
(5.5) (π∗ωN +
√−1∂∂π∗ϕ)n = ψH ω
n
N˜∏
i |si|2(1−αi)
.
The first step is to regularize equation (5.5) as follows. On N˜\E we have
√−1∂∂ log(1/ψ) = Ric(π∗ω)− Ric(ωN˜ ) +
∑
i
(1− αi)Ri +
√−1∂∂ logH
> −Ric(ωN˜ ) +
∑
i
(1− αi)Ri −
∑
j
βjRFj ,
(5.6)
and note that the RHS is a smooth form on all of N˜ . Also log(1/ψ) is
bounded above near E by (5.4), so by Grauert-Remmert [24] it extends to
a global quasi-psh function on N˜ which satisfies (5.6) in the weak sense.
Thanks to (5.4), the extension has vanishing Lelong numbers, so we can
approximate it using Demailly’s regularization theorem [14] by a decreasing
sequence of smooth functions uj which satisfy
(5.7)
√−1∂∂uj > −Ric(ωN˜ ) +
∑
i
(1− αi)Ri −
∑
j
βjRFj −
1
j
ωN˜ ,
on all of N˜ . We also have that
√−1∂∂ logH > −CωN˜ weakly on N˜ and
so logH can also be regularized by smooth functions vk with
√−1∂∂vk >
−CωN˜ and vk 6 C on N˜ .
Let ωj,k = π
∗ωN + 1jωN˜ +
√−1∂∂ϕj,k be a solution on N˜ of
(5.8) ωnj,k = cj,ke
vk−uj ω
n
N˜∏
i |si|2(1−αi)
,
with ωj,k a cone metric with the same cone angles as ωcone. This exists
thanks to the main result of [37] or [30] (see also [5, 6] for earlier weaker
results and [1] for more recent work). In particular, ωj,k is smooth on N˜\E.
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It is quickly verified that the ratio ωnj,k/ω
n
N˜
has Lp norm uniformly bounded
independent of j, for some p > 1, and so by [17] we have
sup
N˜
|ϕj,k| 6 C,
and since evk−uj → Hψ, we conclude using the stability theorem in [17] that
as j, k → ∞ we have cj,k → 1 and ϕj,k → π∗ϕ in C0(N˜ ), where π∗ϕ solves
(5.5).
We also introduce a partial regularization, which we denote by ωj =
π∗ωN + 1jωN˜ +
√−1∂∂ϕj , which are Ka¨hler metrics on N˜\E which solve
(5.9) ωnj = cjHe
−uj ω
n
N˜∏
i |si|2(1−αi)
.
Again we have cj → 1, and cj,k → cj for each j fixed as k → ∞. The
solution ϕj ∈ C0(N˜ ) exists by [65, 78, 17, 11], and are smooth away from
E by Yau [91]. Again we have that ϕj,k → ϕj in C0(N˜) for each j fixed as
k →∞.
Proposition 5.1. For each j there is a constant Cj which depends on j
such that on N˜\E we have
(5.10) trωconeωj,k 6 Cj,
for all k.
This, together with (5.8) and standard arguments, implies that ωj,k → ωj
locally smoothly away from E, and so on N˜\E we also have
(5.11) trωconeωj 6 Cj.
Proof. This follows from the estimates of Guenancia-Pa˘un [30]. Specifically,
as in [30, proof of Theorem A], we make one further approximation of (5.8)
by a smooth PDE
(5.12) ωnj,k,ε = cj,k,εe
vk−uj ω
n
N˜∏
i(|si|2 + ε2)(1−αi)
,
where ωj,k,ε = π
∗ωN + 1jωN˜ +
√−1∂∂ϕj,k,ε is now a smooth Ka¨hler metric
on N˜ . Again we have ϕj,k,ε → ϕj,k uniformly as ε → 0, and the claim is
then that
(5.13) trωεωj,k,ε 6 Cj ,
where Cj does not depend on k or ε, and ωε = π
∗ωN+ 1jωN˜+
√−1∂∂χj,ε is a
family of Ka¨hler metrics (which also depend on j) that as ε→ 0 approximate
a (j-dependent) conical metric, as constructed in [30, Section 3]. This,
together with (5.12) and standard arguments, implies that ωj,k,ε → ωj,k
locally smoothly away from E as ε→ 0, and then (5.10) follows because we
allow all the constants to depend on j.
26 MARK GROSS, VALENTINO TOSATTI, AND YUGUANG ZHANG
The proof of (5.13) follows from the arguments for their Laplacian es-
timate in [30, Proposition 1], which however cannot be applied directly
because they make one extra hypothesis which for us is not satisfied. The
key points for us, which make the estimate independent of k, is that vk 6 C,
and
√−1∂∂vk > −CωN˜ .
Here are the details: using the notation of [30], the functions ϕ˜ = ϕj,k,ε−
χj,ε, are uniformly bounded (independent of j, k, ε) and satisfy ωε+
√−1∂∂ϕ˜ =
ωj,k,ε. We therefore rewrite (5.12) as
(ωε +
√−1∂∂ϕ˜)n = eψ+ωnε ,
where
eψ
+
= cj,k,εe
vk−uj ω
n
N˜∏
i(|si|2 + ε2)(1−αi)ωnε
= cj,k,εe
vk−ujeFε ,
where Fε is exactly defined as in [30]. Defining Ψε as in [30, Section 4], they
show that
√−1∂∂Fε > −(Cjωε +
√−1∂∂Ψε), and so we get that√−1∂∂ψ+ > −(Cjωε +
√−1∂∂Ψε) +
√−1∂∂(vk − uj)
> −(Cjωε +
√−1∂∂Ψε)− CjωN˜
> −(Cjωε +
√−1∂∂Ψε),
using that ωε > C
−1
j ωN˜ . This is half of inequality (iii) in [30, Proposition
1]. The second half requires that |ψ+| 6 Cj, but this is not true since vk
decreases to logH which is −∞ along some components of F , so we only
have that ψ+ 6 Cj. However, this is enough for their arguments, as the
lower bound for ψ+ is not used. Therefore, the main calculation of [30,
Proposition 1] gives
∆ωj,k,ε (log trωεωj,k,ε −Ajϕ˜+ 3Ψε) > trωj,k,εωε − Cj,
and at a maximum point we get trωj,k,εωε 6 Cj and so
trωεωj,k,ε 6 Cj
ωnj,k,ε
ωnε
= Cje
ψ+ 6 Cj ,
as required. 
Thanks to Proposition 5.1, we can apply the maximum principle to quan-
tities involving trωconeωj, provided we add a term which goes to −∞ along
E (arbitrarily slowly). Using this, we first prove the main result, which uses
Tsuji’s trick [87], and from which we will quickly derive Theorem 1.1:
Theorem 5.2. On N˜\E we have
(5.14) trωconeπ
∗ω 6
Cψ
|sF |2A ,
where F is the union of the π-exceptional divisors, and |sF |2 is a shorthand
for
∏
i |sFi |2hi.
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Proof. It is enough to show that on N˜\E we have
(5.15) trωconeωj 6
Ce−uj
|sF |2A ,
with C now independent of j, since again this together with (5.9) and stan-
dard arguments implies that ωj → π∗ω locally smoothly away from E.
Following [30] we define Ψ = C
∑
i |si|2ρhi , for some small ρ > 0 and large
C > 0, which can be chosen so that on N˜\E the curvature of ωcone satisfies
(5.16) Rm(ωcone) > −(Cωcone +
√−1∂∂Ψ)⊗ Id,
see [30, (4.3)].
To prove (5.15) we shall apply the maximum principle to the quantity
Q = log trωconeωj + nΨ+ uj −A2ϕj +Abη + ε log |sE|2 +A log |sF |2,
where A large, b > 0 is small and 0 < ε 6 1j . The terms nΨ+uj−A2ϕj+Abη
are all bounded on N˜ (with bounds independent of j except for uj), while the
term log trωconeωj is bounded above on N˜\E (depending on j) by Proposition
5.1. Since the term ε log |sE |2 goes to −∞ on E, the quantity Q achieves a
global maximum on N˜\E. All the following computations are at an arbitrary
point of N˜\E.
The first claim is that on N˜\E we have
(5.17) ∆ωj(log trωconeωj + nΨ) > −Ctrωjωcone −
trωcone Ric(ωj)
trωconeωj
.
Indeed by the Aubin-Yau’s second order calculation we have
∆ωj (log trωconeωj + nΨ)
>
1
trωconeωj
(
−trωcone Ric(ωj) + Rm(ωcone) kℓpq gpqj gj,kℓ
)
+ n∆ωjΨ,
and as in [30] we choose coordinates so that at our given point ωcone is the
identity while ωj is diagonal with eigenvalues λk > 0, so we can write
Rm(ωcone)
kℓ
pq g
pq
j gj,kℓ =
∑
i,k
λi
λk
Riikk
> −
∑
i,k
λi
λk
(C +Ψkk),
using (5.16), while we also have
√−1∂∂Ψ > −Cωcone by [30, (4.2)], so
∆ωjΨ =
∑
k
1
λk
(C +Ψkk)− Ctrωjωcone
>
1
ntrωconeωj
∑
i,k
λi
λk
(C +Ψkk)−Ctrωjωcone,
and (5.17) follows.
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The second claim is that on N˜\E we have
∆ωj(log trωconeωj + nΨ+ uj) > −Ctrωjωcone.(5.18)
For this, recall that from (5.9), on N˜\E we have
Ric(ωj) =
√−1∂∂(uj − logH) + Ric(ωN˜ )−
∑
i
(1− αi)Ri
> −1
j
ωN˜ > −
C
j
ωcone,
using (5.2) and (5.7), and also
∆ωjuj = trωj Ric(ωj) + trωj
−∑
j
βjRFj
− trωj Ric(ωN˜ ) + trωj
(∑
i
(1− αi)Ri
)
> trωj Ric(ωj)− Ctrωjωcone
so
∆ωj(log trωconeωj + nΨ+ uj) > −Ctrωjωcone −
trωcone Ric(ωj)
trωconeωj
+ trωj Ric(ωj).
(5.19)
The subclaim is now that
(5.20) − trωcone Ric(ωj)
trωconeωj
+ trωj Ric(ωj) > −
C
j
trωjωcone.
Indeed,
−trωcone Ric(ωj)
trωconeωj
+ trωj Ric(ωj) = −
trωcone(Ric(ωj) +
C
j ωcone)
trωconeωj
+ trωj
(
Ric(ωj) +
C
j
ωcone
)
+
Cn
jtrωconeωj
− C
j
trωjωcone
> −
trωcone(Ric(ωj) +
C
j ωcone)
trωconeωj
+ trωj
(
Ric(ωj) +
C
j
ωcone
)
− C
j
trωjωcone,
and if at any given point we choose coordinates so that ωcone is the identity
and ωj is diagonal with eigenvalues λk > 0, while (Ric(ωj) +
C
j ωcone) > 0
has entries Aij , then we note that
− 1∑
k λk
∑
ℓ
Aℓℓ +
∑
ℓ
λ−1ℓ Aℓℓ > 0,
which proves (5.20). Combining (5.20) with (5.19) we obtain (5.18).
Continuing our calculation, and setting for simplicity RF =
∑
iRFi , we
have
∆ωjQ > −Ctrωjωcone +A2trωjπ∗ωN +Abtrωj
√−1∂∂η −A2n
− εtrωjRE −AtrωjRF
> −Ctrωjωcone +Atrωj
(
A0π
∗ωN −RF + b
√−1∂∂η)−A2n,
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for all A0 6 A. We choose first A0 such that A0π
∗ωN − RF is a Ka¨hler
metric ωˆN˜ (cf. (5.1)), and then we choose b sufficiently small so that ωˆN˜ +
b
√−1∂∂η = ωˆcone is a conical Ka¨hler metric with same cone angles as ωcone.
This implies that ωˆcone > cωcone for some c > 0, and finally we can choose
A > A0 large so that
∆ωjQ > trωjωcone − C.
Therefore at a maximum of Q (which is not on E) we have
trωjωcone 6 C,
and so using (5.9) we get
trωconeωj 6 (trωjωcone)
n−1 ω
n
j
ωncone
6 CHe−uj ,
hence
log trωconeωj + uj 6 C logH 6 C,
and so also Q 6 C, hence this last one holds everywhere on N˜\E. The
constants do not depend on ε, so we can let ε→ 0 and this gives
trωconeωj 6
Ce−uj
|sF |2A ,
which is (5.15). 
Proof of Theorem 1.1. We have already proved in Proposition 3.1 that ω
extends to a smooth Ka¨hler metric across D(2) (on N reg). First we work
on the blown-up manifold N˜ as above. Theorem 5.2 gives us the estimate
(5.14), which combined with (5.3) gives on π−1(N0)
trπ∗ωωcone 6 (trωconeπ
∗ω)n−1
ωncone
π∗ωn
6 C
ψn−1
|sF |2A′
1
Hψ
6
C
H|sF |2A′
(
1−
µ∑
i=1
log |si|hi
)max(d(n−2),0)
and so together with (5.14) we obtain on π−1(N0)
C−1H|sF |2A′
(
1−
µ∑
i=1
log |si|hi
)−max(d(n−2),0)
ωcone
6 π∗ω 6
C
|sF |2A
(
1−
µ∑
i=1
log |si|hi
)d
ωcone.
(5.21)
Now, if x ∈ N˜ is any point near which π is an isomorphism (which by
construction includes the preimages of all points where D(1) is snc) then
near x we have Jπ > 0 (where Jπ is defined in (4.1)) and |sF | > 0, and from
(4.4) we see that we also have H > 0, and so (1.2) follows directly from
(5.21). 
30 MARK GROSS, VALENTINO TOSATTI, AND YUGUANG ZHANG
6. Gromov-Hausdorff collapsed limits of Ricci-flat metrics
6.1. Proof of Corollary 1.3. In this section we show how Corollary 1.3
follows from the estimate (1.3). The argument is essentially contained in
the previous work of the second and third-named authors [86, Theorem 2.1
and §3.4], based on our work [28], where we proved the following:
Theorem 6.1. Suppose that there is a constant C > 0, rational numbers
0 < αi 6 1, 1 6 i 6 µ, and A > 0 such that on π
−1(N0) we have
(6.1) π∗ω 6 C
(
1−
µ∑
i=1
log |si|hi
)A
ωcone,
where ωcone is a conical metric with cone angle 2παi along each component
Ei. Then parts (a) and (b) of Conjecture 1.2 hold. If furthermore we have
that N is smooth and D(1) is snc (so that π = Id), then part (c) of Conjecture
1.2 also holds.
Proof. The first statement is proved in [86, Theorem 2.1], assuming that
ωcone is an orbifold Ka¨hler metric (i.e. αi of the form
1
Ni
for some Ni ∈ N,
for all i) and that N is smooth. The smoothness of N was actually never
used in the proof there. As for the orbifold metric, since given any rational
number 0 < α 6 1 we can find an integer p such that 1 − α < 1 − 1p < 1,
we can bound ωcone 6 ωorb (where ωorb has orbifold order p along all Ei), so
parts (a) and (b) of Conjecture 1.2 follow immediately from [86, Theorem
2.1].
Next, assume that N is smooth and D(1) is an snc divisor in N , and
let (X, dX ) the metric completion of (N0, ω), which we want to show is
homeomorphic to N . The argument here is contained in [86, §3.4], and we
briefly recall it. Thanks to (6.1) and the arguments in [86, §3.4], we know
that there are continuous maps
h : (X, dX )→ (N,ωN ),
p : N → X,
such that h is Lipschitz and surjective, and p is surjective and satisfies
Id = h ◦ p. Therefore p is also injective and hence a homeomorphism. 
To conclude the proof of Corollary 1.3 it suffices to note that (6.1) follows
immediately from (1.3) in the case when N is smooth and D(1) is snc (so
π = Id), and therefore Theorem 6.1 applies.
Of course, when N is singular or D(1) fails to be snc, the map π will be
nontrivial, and the estimate (5.14) that we proved in the previous section is
weaker than (6.1) and not sufficient by itself to carry out the arguments in
[86, Theorem 2.1] to prove part (a) of Conjecture 1.2.
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6.2. Geometry of the Ka¨hler cone. We conclude this section with a
remark that connects our setting where the Ricci-flat Ka¨hler metrics ω˜t
which are cohomologous to f∗ωN + e−tωM and collapse as t → ∞, to the
geometry of the Ka¨hler cone K ⊂ H1,1(M,R) ofM as investigated in [36, 50,
90]. This remark is certainly known to the experts, see e.g., the discussion
in the introduction of [90]. However, this calculation does not appear to
have appeared explicitly.
More precisely, let K1 = {α ∈ K|αm = 1} be the space of unit-volume
Ka¨hler classes on a Calabi-Yau manifoldM , where we use here the shorthand
notation αm =
∫
M α
m. This is a smooth manifold of dimension h1,1(M)−1,
and the tangent space at α ∈ K1 is the primitive (1, 1)-cohomology group
P 1,1(α) = {β ∈ H1,1(M,R)|αm−1 · β = 0}. There is a natural Riemannian
metric G on K1 introduced by Huybrechts [36] which is given by
G(v1, v2) = −αm−2 · v1 · v2,
for v1, v2 ∈ P 1,1(α).
Wilson pointed out in [90] that degenerations of Ka¨hler classes at finite
distance with respect to G correspond to Calabi-Yau varieties, and other
cases are degenerations at infinite distance. Therefore our current case is a
degeneration of Ka¨hler classes at infinite distance, which is known to experts.
The completeness of the metric G was also studied in [50, Proposition 4.4].
The following elementary result is formally analogous to the characteri-
zation of degenerations of complex structures on Calabi-Yau manifolds with
finite Weil-Petersson distance [88, 81, 70, 94] by characterizing our collaps-
ing cohomology classes [f∗ωN + e−tωM ] ∈ K as those which (after rescaling
to volume 1) give paths with infinite G-length. For readers’ convenience,
we present the detailed calculations here, and change the parametrization
of our path to s = e−t.
Proposition 6.2. Let Mn be a compact Calabi-Yau manifold, with classes
α ∈ K and α0 ∈ ∂K. For s ∈ (0, 1] let αs = α0 + sα ∈ K, let Vs = αms , and
let ω˜s ∈ αs be the Ricci-flat Ka¨hler metric given by [91]. Then the following
statements are equivalent:
(a) αm0 = 0.
(b) (M, ω˜s) collapses as s→ 0, i.e. for any metric 1-ball Bω˜s(p, 1),
Volω˜s(Bω˜s(p, 1))→ 0.
(c) If we denote α˜s = V
− 1
m
s αs ∈ K1, s ∈ (0, 1], then the length of the
path {α˜s}s∈(0,1] with respect to G is infinite.
(d) When s→ 0, α˜s diverges in H1,1(M,R).
Proof. (a) ⇒ (b) since
0 = αm0 = lim
s→0
αms = lim
s→0
Volω˜s(M).
(b) ⇒ (a): By [77, 60], we have
diam(M, ω˜s) 6 C,
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for some constant C > 0. The Bishop-Gromov volume comparison theorem
shows
αm0 = lim
s→0
Volω˜s(M) 6 C
2m lim
s→0
Volω˜s(Bω˜s(p, 1)) = 0.
(a) ⇒ (c): Let 0 6 d < m be the numerical dimension of α0, which is
characterized as the maximum ℓ > 1 such that αℓ0 · αm−ℓ > 0, and denote
by k = m− d > 1. We have
Vs = (α0 + sα)
m = skcmk α
k · αm−k0 +O(sk+1)
where cmk =
m!
k!(m−k)! , and the velocity
vs = ˙˜αs = V
− 1
m
s α− 1
m
V −1s α˜sV˙s.
Since vs · α˜m−1s = 0, we have
G(vs, vs) = −V −
1
m
s α · vs · α˜m−2s
= −V −
2
m
s α
2 · α˜m−2s +
V˙s
mV
1+ 1
m
s
α · α˜m−1s
= −V −1s α2 · (α0 + sα)m−2 +
V˙s
mV 2s
α · (α0 + sα)m−1.
We then calculate V˙s = ks
k−1cmk α
k · αm−k0 +O(sk),
α2 · (α0 + sα)m−2 =
{
sk−2cm−2k−2 α
k · αm−k0 +O(sk−1), if k > 2,
O(1) if k = 1.
α · (α0 + sα)m−1 = sk−1cm−1k−1 αk · αm−k0 +O(sk).
Thus
G(vs, vs) =
1
s2
(
k(m− k)
m2(m− 1) +O(s)
)
.
We obtain that ∫ 1
ε
√
G(vs, vs)ds > −c′ log ε→∞,
as ε → 0, and so the length of the path {α˜s}s∈(0,1] with respect to G is
infinite.
(c) ⇒ (a): Assume that αm0 > 0. A similar calculation as above shows
that
G(vs, vs) 6 C,
and so the length of the path {α˜s}s∈(0,1] with respect to G is finite, a con-
tradiction.
Finally, (a) ⇔ (d) since α˜s diverges if and only if Vs → 0. 
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7. The Ka¨hler-Ricci flow setting
The setup in this section will be the Ka¨hler-Ricci flow setting described
in the Introduction, namely we let M be an m-dimensional compact Ka¨hler
manifold with KM semiample and 0 < κ(M) =: n < m, and f :M → Pr is
the semiample fiber space given by the linear system |ℓKM | for some ℓ > 1
sufficiently divisible, with image N ⊂ Pr a normal projective variety of
dimension n (the canonical model of M). The map f has connected fibers,
and if as before we let D ⊂ N be the singular locus of N together with
the critical values of f on N reg, then every fiber of f over N0 := N\D is a
Calabi-Yau (m− n)-fold. We write ωN = 1ℓωFS|N , so that f∗ωN belongs to
c1(KM ), and we fix also a basis {si} of H0(M, ℓKM ), which defines the map
f , and let
M =
(
(−1) ℓm
2
2
∑
i
si ∧ si
) 1
ℓ
,
which is a smooth positive volume form on M which satisfies
Ric(M) = −√−1∂∂ logM = −f∗ωM .
On N0 we then have a twisted Ka¨hler-Einstein metric ω = ωN +
√−1∂∂ϕ
which satisfies (1.1) with λ = −1 and is constructed in [65, 78, 17, 11] by
solving the Monge-Ampe`re equation
(ωN +
√−1∂∂ϕ)n = eϕf∗M,
with ϕ ∈ C0(N), ϕ is ωN -psh and smooth on N0.
By [64, 65, 83] we know that if ω0 is any Ka¨hler metric on M and ω(t) is
its evolution by the Ka¨hler-Ricci flow
∂
∂t
ω(t) = −Ric(ω(t)) − ω(t), ω(0) = ω0,
then ω(t) exists for all t > 0 and as t → ∞ we have that ω(t) → f∗ω in
C0loc(M\f−1(D)), so ω is the collapsed limit of the Ka¨hler-Ricci flow, away
from the singular fibers of f .
The main results of this section are Theorem 1.4 and 1.5. The first in-
gredient is the following generalization of the estimates in section 2 in The-
orem 2.3. Let π : N˜ → N be a birational morphism with N˜ smooth and
E = π−1(D) is a simple normal crossings divisor E =
⋃µ
j=1Ej, and fix
defining sections τj and smooth metrics hj for O(Ej).
Theorem 7.1. There is a constant C > 0 and natural numbers d ∈ N, 0 6
p 6 µ and rational numbers βi > 0, 1 6 i 6 p, and 0 < αi 6 1, p+1 6 i 6 µ,
such that on π−1(N0) we have
(7.1)
C−1
p∏
j=1
|τj |2βjhj ωncone 6 π∗f∗M 6 C
p∏
j=1
|τj|2βjhj
(
1−
µ∑
i=1
log |τi|hi
)d
ωncone,
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where ωcone is a conical metric with cone angle 2παi along the components
Ei with p+ 1 6 i 6 µ.
Proof. As in the proof of Theorem 2.3, it suffices to prove the analogous
local statement (as in (2.1)) near an arbitrary point y0 ∈ E. We will use
a ramified ℓ-cyclic covering trick to reduce ourselves directly to Theorem
2.1. Recall that ℓKM = f
∗OPr(1) is semiample, and so we may choose the
basis of sections si ∈ H0(M, ℓKM ) (which are pullbacks of linear forms on
Pr) such that their zero loci {si = 0} are smooth, reduced and irreducible
effective divisors. At least one of these linear forms doesn’t vanish at π(y0),
and we may assume it is the one that pulls back to s1 on M . We can then
construct ν : Mˆ → M an ℓ-cyclic covering ramified along {s1 = 0}, see
e.g. [47, Proposition 4.1.6]. It satisfies that Mˆ is connected and smooth,
with a Zℓ-action with quotient M , and there is ρ ∈ H0(Mˆ ,KMˆ ) such that
ν∗s1 = ρ⊗ℓ. Note that by construction ρ doesn’t vanish on an open set of the
form Uˆ = ν−1(f−1(U)) for some open neighborhood U of π(y0) in N . On
Uˆ we may then write ν∗sj = fjρ⊗ℓ, j > 2, for some holomorphic functions
fj. Then
ν∗M =
(
(−1) ℓm
2
2
∑
i
ν∗si ∧ ν∗si
) 1
ℓ
,
which is uniformly equivalent to
∑
i
(
(−1) ℓm
2
2 ν∗si ∧ ν∗si
) 1
ℓ
= (−1)m
2
2 ρ ∧ ρ
(
1 +
∑
i>2
|fj|2
) 1
ℓ
,
and so also uniformly equivalent to (−1)m
2
2 ρ ∧ ρ. Thus, the aymptotic
behavior of π∗f∗M is, up to constants, the same as the behavior of
(−1)m
2
2 π∗f∗ν∗(ρ ∧ ρ).
This is now almost the same setting as in Theorem 2.1, the only difference is
that the fibers of f ◦ν need not be connected anymore. For any y ∈ U , write
(f◦ν)−1(y) = F1∪· · ·∪Fd, where the Fj are the connected components of the
fiber. Then d|ℓ and every Fj is invariant under the induced Zℓ/d-action, with
Fj/Zℓ/d = f
−1(y), while the quotient Zd-action on (f ◦ν)−1(y) interchanges
the components. The number d is locally constant for y ∈ U\D, and so we
conclude by repeating the same argument as in Theorem 2.1 to any of the
components Fj . 
Proof of Theorem 1.4. As recalled earlier, the twisted Ka¨hler-Einstein met-
ric ω = ωN +
√−1∂∂ϕ on N0 satisfies
ωn = eϕf∗M = eϕFωnN ,
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where ϕ ∈ C0(N), F is defined by the last equality, and as explained above
it is completely analogous to the function F in (3.1). It satisfies
√−1∂∂ logF = −ωWP +Ric(ωN ) + ωN .
As in sections 3 and 4 we see that F extends to a smooth positive function
across D(2) ∩ N reg, and it satisfies F > C−1 since the proof of Lemma 4.1
goes through with minimal changes once we notice ([65, Lemma 3.3]) that
on M\S we have
f∗F =
(
(−1) ℓm
2
2
∑
i si ∧ si
) 1
ℓ
f∗ωnN ∧ ωm−nSRF
,
and again the numerator is strictly positive onM . As in section 4, the lower
bound for F implies that if N is smooth and D(1) is snc then we actually
have on N0
C−1ωncone 6 ω
n
6 C
(
1−
µ∑
i=1
log |τi|hi
)d
ωncone,
while in general we have on N˜\E
C−1Hωncone 6 (π
∗ω)n 6 CH
(
1−
µ∑
i=1
log |τi|hi
)d
ωncone,
where H =
∏p
j=1 |τj |
2βj
hj
. The proof of (1.3) given in section 4 then goes
through with the appropriate small changes, defining now the function ψ by
ωn =
eϕψ∏µ
j=1 |τj|2(1−αj )hj
ωnN ,
and similarly, the proof of Theorem 1.1 given in section 5 goes through,
defining now ψ by
π∗ωn =
eπ
∗ϕψH∏µ
j=1 |τj |2(1−αj )hj
ωn
N˜
.
In this way, we obtain the proof of Theorem 1.4. 
We can now give the proof of Theorem 1.5. The outline of the proof is
the same as in [76, 67] which deals with the case when m = 1, and uses the
relative volume comparison from [76]. However, new difficulties arise when
m > 1, and Theorem 1.4 will precisely help us overcome these.
Proof of Theorem 1.5. Thanks to [66], we have the estimate
(7.2) C−1e−(n−m)tωn0 6 ω(t)
n 6 Ce−(n−m)tωn0 ,
on M × [0,∞). Denote by (Z, dZ ) the metric completion of the twisted
Ka¨hler-Einstein manifold (N0, ω). It is shown in [67, Proposition 2.2] that
Z is compact, and that for every p, q ∈ N0 and δ > 0 there is a path γ in
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N0 joining p and q whose ω-length is at most dZ(p, q) + δ (we can call this
the “almost convexity” of (N0, ω) inside its metric completion). Also, in [67,
Proposition 2.3] it is proved that when N is smooth (or an orbifold) then Z
is homeomorphic to N .
For any ε > 0 let Uε ⊂ N be the ε-neighborhood ofD with respect to some
fixed metric ωN on N , and let U˜ε = f
−1(Uε) ⊂ M . From the volume form
bound (7.2) we see that for any given δ > 0 there are ε = ε(δ) < δ, T > 0
such that for all t > T we have
(7.3)
Vol(U˜ε, ω(t))
Vol(M,ω(t))
6 δ.
Claim 1. We have
dGH((Z, dZ ), (N\Uε, ω)) 6 δ′, where δ′(δ)→ 0 as δ → 0.
Here is where Theorem 1.4 comes in, by giving us (1.3). Using this (in
fact, just the upper bound for ω in (1.3)), the arguments in the proof of [86,
Theorem 2.1] show that for every point p ∈ Uε there is a point q ∈ ∂Uε with
dZ(p, q) 6 δ
′ with δ′(δ)→ 0 as δ → 0. We can therefore define a (discontin-
uous) map F : Z ∼= N → N\Uε which is the identity on N\Uε and inside
Uε it maps p to q above (which is not unique, but we just choose any one of
them). If G : N\Uε → Z denotes the inclusion, then it is now elementary to
check that F and G are a 3δ′-GH approximation, since replacing p by q only
distorts the dZ -distance function by δ
′, and using also the almost convexity
property, see the proof of Claim 3 below for a very similar argument. This
proves Claim 1.
Claim 2. Up to making T larger, we have
dGH((N\Uε, ω), (M\U˜ε, ω(t))) 6 δ,
for all t > T .
This is an immediate consequence of the main theorem of [83], which gives
locally uniform convergence of ω(t) to f∗ω on compact sets away from S.
Claim 3. Up to making T larger, we have
dGH((M\U˜ε, ω(t)), (M,ω(t))) 6 δ′, where δ′(δ)→ 0 as δ → 0,
for all t > T .
It is clear that once we have these 3 claims, then we conclude that
(M,ω(t))→ (Z, dZ),
in the Gromov-Hausdorff topology as t → ∞, which would complete the
proof of Theorem 1.5.
The proof of Claim 3 uses the relative volume comparison from [76] and
the assumption on the Ricci curvature of ω(t), similarly as what is done
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in [76, 67] when m = 1. The starting point is that the relative volume
comparison and the assumed Ricci bound together imply (by the argument
in [76, p.23] or [75, p.12] or [67, Lemma 5.5] which also uses (7.3)) that, up
to enlarging T , we have that for all t > T and for all x ∈ U˜ε
(7.4) dist(M,ω(t))(x, ∂U˜ε) 6 δ
′, where δ′(δ)→ 0 as δ → 0.
Once we have this, we can argue as in Claim 1. Define a discontinuous map
F : M → M\U˜ε which is the identity on M\U˜ε and inside Uε it maps p
to some point q ∈ ∂U˜ε with dist(M,ω(t))(p, q) 6 δ′ for all t > T . Define
also G : M\U˜ε → M to be the inclusion, and we claim again that F and
G give a 3δ′-GH approximation between (M,ω(t)) and (M\U˜ε, ω(t)). Let
dt = dist(M,ω(t)) and dˆt = dist(M\U˜ε,ω(t)). Then we need to show the following
properties
(7.5) dt(x,G(F (x))) 6 δ
′, x ∈M,
(7.6) dˆt(y, F (G(y))) 6 δ
′, y ∈M\U˜ε,
(7.7) |dt(x, x′)− dˆt(F (x), F (x′))| 6 3δ′, x, x′ ∈M,
(7.8) |dˆt(y, y′)− dt(G(y), G(y′))| 6 3δ′, y, y′ ∈M\U˜ε.
The estimate in (7.5) is trivial when x ∈ M\U˜ε, and follows from (7.4)
when x ∈ U˜ε. Estimate (7.6) is trivial. Next we observe that for every
x, x′ ∈ M\U˜ε and for every t > T we can find a path γ (that depends
on t) that connects them inside M\U˜ε and with Lω(t)(γ) 6 dt(x, x′) + δ′
(this is because S = f−1(D) has real codimension at least 2 in M and U˜ε is
comparable to an ε-neighborhood of it in a fixed metric onM). This implies
that
(7.9) dt(x, x
′) 6 dˆt(x, x′) 6 dt(x, x′) + δ′.
Now, for (7.7) there are three cases to consider. First, suppose both x, x′ ∈
M\U˜ε, and then (7.7) follows from (7.9). Second, suppose x ∈ M\U˜ε, x′ ∈
U˜ε. Then by (7.4) we have dt(x
′, F (x′)) 6 δ′, and so
dt(x, x
′) 6 dt(x, F (x′)) + δ′ = dt(F (x), F (x′)) + δ′ 6 dˆt(F (x), F (x′)) + δ′,
using (7.9). On the other hand by (7.4), (7.9) again
dˆt(F (x), F (x
′)) 6 dt(F (x), F (x′))+δ′ 6 dt(x, x′)+dt(x′, F (x′))+δ′ 6 dt(x, x′)+2δ′,
proving (7.7) in this case. Thirdly, we suppose x, x′ ∈ U˜ε, and then by (7.4),
(7.9)
dt(x, x
′) 6 dt(F (x), F (x′)) + 2δ′ 6 dˆt(F (x), F (x′)) + 2δ′,
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and
dˆt(F (x), F (x
′)) 6 dt(F (x), F (x′)) + δ′
6 dt(x, x
′) + dt(x, F (x)) + dt(x′, F (x′)) + δ′
6 dt(x, x
′) + 3δ′.
This proves (7.7), and finally (7.8) follows immediately from (7.9).
This in turns concludes the proof of Claim 3, and hence of Theorem
1.5. 
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